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ON THE NUMERICAL INDEX OF POLYHEDRAL BANACH
SPACES
DEBMALYA SAIN, KALLOL PAUL, PINTU BHUNIA AND SANTANU BAG
Abstract. The computation of the numerical index of a Banach space is an
intriguing problem, even in case of two-dimensional real polyhedral Banach
spaces. In this article we present a general method to estimate the numerical
index of any finite-dimensional real polyhedral Banach space, by considering
the action of only finitely many functionals, on the unit sphere of the space.
We further obtain the exact numerical index of a family of 3-dimensional poly-
hedral Banach spaces for the first time, in order to illustrate the applicability
of our method.
1. Introduction
The purpose of the present article is to present a general method to study the
numerical index of polyhedral Banach spaces. As a concrete application of our
approach, we explicitly compute the numerical index of a family of 3-dimensional
polyhedral Banach spaces whose unit balls are obtained by gluing two pyramids at
the opposite base faces of a 3-dimensional right prism, that remained unexplored
previously. Let us first establish the notations and the terminologies to be used in
the present article.
Let X be an n-dimensional Banach space. Throughout the article, without ex-
plicitly mentioning hereafter, we work with only real Banach spaces. Let BX =
{x ∈ X : ‖x‖ ≤ 1} and SX = {x ∈ X : ‖x‖ = 1} be the unit ball and the
unit sphere of X respectively. Given a convex set A in X, let ext A denote the
set of extreme points of A. Let L(X) denote the collection of all bounded linear
operator from X to X and let X∗ denote the dual space of X. Given a bounded
linear operator T ∈ L(X), the numerical range V (T ) of T is defined [7, 8] as
V (T ) = {x∗(Tx) : x ∈ SX, x∗ ∈ SX∗ , x∗(x) = 1}. The numerical radius v(T ) of
T is defined as v(T ) = sup{|x∗(Tx)| : x ∈ SX, x∗ ∈ SX∗ , x∗(x) = 1}. It is easy to
see that v(T ) = sup{|x∗(Tx)| : x ∈ ext BX, x∗ ∈ ext BX∗ , x∗(x) = 1}. Finally, the
numerical index n(X) of X is defined as n(X) = inf{v(T ) : T ∈ L(X), ‖T‖ = 1}.
The numerical index is an important geometric constant associated with a given
Banach space. Its properties have been studied by several authors [2, 3, 4, 5] in
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the context of various Banach spaces. In [2] the authors have explicitly computed
the numerical index of certain polyhedral norms in the 2-dimensional case. X is
said to be a polyhedral Banach space if BX has only finitely many extreme points.
Equivalently, X is a polyhedral Banach space if BX is a polyhedron. In this context,
let us mention the following definitions which are relevant to our present work:
Definition 1.1. A polyhedron P is a non-empty compact subset of X which is the
intersection of finitely many closed half-spaces of X, i.e., P =
⋂r
i=1Mi, where Mi
are closed half-spaces in X and r ∈ N. The dimension dimP of the polyhedron P
is defined as the dimension of the subspace generated by the differences v − w of
vectors v, w ∈ P.
Definition 1.2. A polyhedron Q is said to be a face of the polyhedron P if either
Q = P or if we can write Q = P ∩ δM, where M is a closed half-space in X
containing P and δM denotes the boundary of M. If dimQ = i, then Q is called
an i-face of P. (n− 1)-faces of P are called facets of P and 1-faces of P are called
edges of P.
As mentioned in [6], explicit computation of the numerical index of Banach
spaces is a difficult problem in general, that remains unsolved for many classical
spaces. In this article we propose a simple approach towards studying the numerical
index of polyhedral Banach spaces. We show that for polyhedral Banach spaces,
it is possible to consider only finitely many distinguished functionals acting on the
space, in order to have a reasonably good estimate of the numerical index of the
concerned space. To serve our purpose, we introduce the following definition in the
study of the numerical index of polyhedral Banach spaces:
Definition 1.3. Let X be a finite-dimensional polyhedral Banach space. Let F be
a facet of the unit ball BX of X. A functional f ∈ SX∗ is said to be a supporting
functional corresponding to the facet F of the unit ball BX if the following two
conditions are satisfied:
(1) f attains norm at some point v of F,
(2) F = (v + ker f) ∩ SX.
It is easy to see that there is a unique hyperspace H such that an affine hyper-
plane to H contains the facet F of the unit ball BX. Moreover, there exists a unique
norm one linear functional f, such that f attains norm on F and kerf = H. In par-
ticular, f is a supporting functional to BX at every point of F. It is immediate that
there are only finitely many facets for the unit ball of a polyhedral Banach space
and accordingly there are only finitely many supporting functionals corresponding
to the facets of the unit ball. We study the actions of these functionals on the unit
sphere of the polyhedral Banach space in order to estimate the numerical index of
the space. We prove that the supporting functionals corresponding to the facets
of the unit ball of a polyhedral Banach space are the only extreme points of the
unit ball of the dual space. In this connection, we require the notions of the polar
of a set and the prepolar of a set in a Banach space. Let A ⊂ X and let B ⊂ X∗.
Then the polar of A is defined as Ao = {f ∈ X∗ : |f(x)| ≤ 1 ∀x ∈ A} and the
prepolar of B is defined as oB = {x ∈ X : |f(x)| ≤ 1 ∀f ∈ B}. We refer the
readers to the excellent recent book [1], for more information on this. Furthermore,
we prove that in many important cases, it is possible to explicitly compute the
exact numerical index of the concerned Banach space by this method. Indeed, we
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determine the numerical index of the family of 3-dimensional polyhedral Banach
spaces whose unit balls are oblique prisms with regular polyhedrons as its base. As
another application of this novel method, we compute the numerical index of the
family of 3-dimensional polyhedral Banach spaces whose unit balls are obtained by
gluing two pyramids at the opposite base faces of a 3-dimensional right prism.
2. Main Results
We begin this section by proving that the supporting functionals corresponding
to the facets of the unit ball of a finite-dimensional polyhedral Banach space are
the only extreme points in the unit ball of the dual space.
Theorem 2.1. Let X be an n-dimensional polyhedral Banach space. Then f ∈ SX∗
is an extreme point of BX∗ if and only if f is a supporting functional corresponding
to a facet of BX.
Proof. First we prove the sufficient part of the theorem. If possible, suppose that
f is a supporting functional corresponding to a facet F of BX such that f is not
an extreme point of BX∗ . Then f can be written as f = (1 − t)f1 + tf2, for some
f1, f2 ∈ SX∗ \ {f} and for some t ∈ (0, 1). Now, f attains norm at some extreme
point v of BX and so (v + ker f) is a supporting hyperplane to BX at the point
v. Now, F (( (v + ker f)) being a facet, contains n linearly independent vectors
w1, w2, . . . , wn ∈ SX. It is easy to see that for each i = 1, 2, . . . , n, we have,
f(wi) = 1. Therefore, we have, 1 = f(wi) = (1 − t)f1(wi) + tf2(wi). As ‖f1‖ =
‖f2‖ = ‖wi‖ = 1, it follows that f1(wi) = f2(wi) = f(wi) = 1. Since w1, w2, . . . , wn
are linearly independent, we must have f1 = f2 = f. This contradiction completes
the proof of the sufficient part of the theorem.
Now we prove the necessary part of the theorem. Consider the set B = {f ∈
SX∗ : f is a supporting functional corresponding to a facet of BX}. Then, it is easy
to see that oB = BX and (oB)o = BX∗ . Now, by the Bipolar theorem, we have
that (oB)o is the closed convex balanced hull of B. Therefore, every supporting
functional can be represented as a convex combination of points of B. This shows
that the extreme points of BX∗ are contained in B. This completes the proof of the
necessary part of the theorem and establishes it completely.

In view of the above Theorem 2.1, it is evident that supporting functional cor-
responding to the facets of the unit ball of a polyhedral Banach space play a very
special role in determining the numerical index of the space. In the following the-
orem, we apply this idea to obtain a reasonably good estimate of the numerical
index of any finite-dimensional polyhedral Banach space.
Theorem 2.2. Let X be an n-dimensional polyhedral Banach space. Let ±v1,±v2,
. . . ,±vm be the vertices of BX. For each i = 1, 2, . . . ,m, let Fi1, Fi2, . . . , Fin be any
n facets of BX meeting at vi. Let fi1, fi2, . . . , fin be the n supporting functionals
corresponding to the facets Fi1, Fi2, . . . , Fin respectively. Let
κi = min
x∈SX
max
1≤r≤n
‖fir(x)‖.
Then each κi > 0 and the numerical index n(X) of X can be estimated as follows:
n(X) ≥ min{κ1, κ2, . . . , κm}.
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Proof. It is easy to observe that for each i = 1, 2, . . . ,m, we have,
⋂n
r=1 ker fir =
{0}. Therefore, given any x ∈ SX, we have, max1≤r≤n{|fir(x)|} > 0. Since x −→
max1≤r≤n{|fir(x)|} is a continuous function from SX to R and SX is a compact set,
it follows that each κi > 0.
Let T ∈ SL(X) be arbitrary. Since T must attain norm at an extreme point of
BX, there exists vj such that ‖Tvj‖ = ‖T‖ = 1 for some j ∈ {1, 2, . . . ,m}. There-
fore, we have, v(T ) = sup{|x∗(Tx)| : x∗ ∈ ext BX∗ , x ∈ ext BX, x∗(x) = 1} ≥
max1≤r≤n{|fjr(Tvj)|} ≥ κj . This completes the proof of the theorem. 
In the following example, we illustrate the applicability of Theorem 2.2 towards
estimating the numerical index of a 2-dimensional polyhedral Banach space.
Example 2.3. Let X = R2 be a 2-dimensional polyhedral Banach space such that
BX is an irregular hexagon with vertices ±(1, 1),±( 12 , 2),±(−1, 1). Then n(X) ≥ 517 .
Proof. Let us denote the vertices of BX by vi, i = 1, 2, . . . , 6, where, v1 = (1, 1), v2 =
( 12 , 2), v3 = (−1, 1), v4 = (−1,−1), v5 = (− 12 ,−2), v6 = (1,−1). The unit sphere SX
is shown in figure 1. Let T ∈ SL(X) be arbitrary. Clearly, T attains norm at some vi.
X
Y
v1 =H1,1L
v6 =H1,-1L
v5 =H-12,-2L
v4 =H-1,-1L
v3=H-1,1L
v2=H12,2L
O
Figure 1.
For each i = 1, 2, . . . , 6, let fi1, fi2 be the two supporting functionals corresponding
to the two edges of BX meeting at vi. It is easy to check that f11, f12 are given as
: f11(α, β) =
2
3α+
1
3β and f12(α, β) = α ∀ (α, β) ∈ X. On direct computation, we
obtain that max{|f11(α, β)|, |f12(α, β)|} ≥ 517 = κ1 ∀ (α, β) ∈ SX. Similarly, it can
be shown that κ2 =
4
7 and κ3 =
9
13 . Therefore, using Theorem 2.2, we conclude
that n(X) ≥ 517 . 
We would like to note that the basic idea behind estimating the numerical index
of a finite-dimensional polyhedral Banach space by applying Theorem 2.2, is to
consider only finitely many supporting functionals corresponding to the facets of
the unit ball. However, to our pleasant surprise, this idea yields the exact value
of the numerical index of some particular family of Banach spaces. Mart´ın and
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Mer´ı [2] have computed the numerical index of some 2-dimensional polyhedral Ba-
nach spaces. One of their main results is to compute the numerical index of those
2-dimensional polyhedral Banach spaces for which the unit balls are regular poly-
hedrons. In this article, we generalize this result by applying the newly introduced
concept of supporting functionals corresponding to the facets of the unit ball. In-
deed, we compute the numerical index of the family of 3-dimensional polyhedral
Banach spaces whose unit balls are oblique prisms with regular polyhedrons as the
bases.
Theorem 2.4. Let X be a 3-dimensional polyhedral Banach space such that BX is
a prism with vertices (cos(j − 1)pin ± l, sin(j − 1)pin ,±1), j ∈ {1, 2, . . . , 2n}, where
l ∈ R and n is odd. Then n(X) = sin pi2n .
Proof. We complete the proof in two steps. In step 1, we show that if T ∈ SL(X)
then v(T ) ≥ sin pi2n and in step 2, we exhibit an operator T ∈ SL(X) such that
v(T ) = sin pi2n .
Step 1. Let the vertices of BX be v±j , j ∈ {1, 2, . . . , 2n}, where v±j = (cos(j −
1)pin ± l, sin(j − 1)pin ,±1). Let Gj denote the facet of BX containing vj , v−j , vj+1,
where v2n+1 = v1. Let F1 denote the facet of BX containing v1, v2, v3 and F−1
denote the facet of BX containing v−1, v−2, v−3.
Let T ∈ SL(X). We show that there exists x ∈ SX such that |x∗(Tx)| ≥ sin pi2n
where x∗(x) = 1 and x∗ ∈ SX∗ . Clearly T attains norm at some extreme point
x = vj of BX. Assume that x = v1, the proof for other vertices will follow similarly.
Then Tx ∈ SX and so Tx ∈ Gj for some j ∈ {1, 2, . . . , 2n} or Tx ∈ F1 ∪ F−1. We
consider the following four cases, depending on which part of the unit sphere Tx
belongs to.
O
X
Z
Y
v1
v2
v2 n
vHn+1L2
vHn+3L2
vn+1 G1
G2 n
GHn+1L2
v
-1
v
-2
v
-2 n
vH3 n+1L2 vH3 n+3L2
vn
Figure 2.
Case 1. (i) Tx ∈ Gj for some j = 1, 2, . . . , n−12 . Let Tx = (α, β, γ), then it is easy
to see that β =
cos pi2n−(α−lγ) cos(2j−1) pi2n
sin(2j−1) pi2n . Let f11 be the supporting functional at v1
such that (v1 + ker f11) ∩ SX = G1. Clearly f11(1 + l, 0, 1) = 1 and f11(− sin pi2n +
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l, cos pi2n , 1) = f11(sin
pi
2n + l,− cos pi2n , 1) = 0. Let (α, β, γ) = α1(1 + l, 0, 1) +
β1(− sin pi2n + l, cos pi2n , 1) + γ1(sin pi2n + l,− cos pi2n , 1), for some α1, β1, γ1 ∈ R. Then
f11(Tx) = α1 = (α−lγ)(1− tan
pi
2n
tan(2j−1) pi2n )+
sin pi2n
sin(2j−1) pi2n . Consider the linear functional
φ on X as : φ(α, β, γ) = α − lγ. Then ker φ is a hyperspace passing through the
points
vn+1
2
+vn+3
2
2 ,
v−n+1
2
+v−n+3
2
2 and
v 3n+1
2
+v 3n+3
2
2 and ker φ ∩ Gj = ∅ for each
j ∈ {1, 2, . . . , n−12 }. Since v1 ∈ Gj and φ(v1) = 1 > 0, therefore for (α, β, γ) ∈ Gj ,
φ(α, β, γ) = α−lγ > 0 for each j ∈ {1, 2, . . . , n−12 }. Also for each j ∈ {1, 2, . . . , n−12 }
it is easy to see that 1 − tan pi2ntan(2j−1) pi2n ≥ 0 and 0 < sin(2j − 1)
pi
2n < 1 and so
f11(α, β, γ) = (α− lγ)(1− tan
pi
2n
tan(2j−1) pi2n ) +
sin pi2n
sin(2j−1) pi2n > sin
pi
2n .
Case 1. (ii) Tx ∈ Gj for some j = n + 1, n + 2, . . . , 3n−12 . Clearly Gn+j = −Gj
for j = 1, 2, . . . , n−12 and so if Tx ∈ Gj for some j = n + 1, n + 2, . . . , 3n−12 , then|f11(Tx)| > sin pi2n .
Case 2. (i) Tx ∈ Gj for some j = n, n− 1, . . . , n+32 .
Case 2. (ii) Tx ∈ Gj for some j = 2n, 2n− 1, . . . , 3n+32 .
Proceeding as in Case 1 we can show that |f12(Tx)| > sin pi2n , where f12 is the
supporting functional at v1 such that (v1 + ker f12) ∩ SX = G2n.
Case 3. Tx ∈ F1 ∪ F−1. Let f13 be the supporting functional at v1 such that
(v1 + ker f13) ∩ SX = F1. Then it is easy to observe that |f13(Tx)| = 1 > sin pi2n .
Case 4. Tx ∈ Gn+1
2
∪ G 3n+1
2
. If Tx ∈ Gn+1
2
then f11(Tx) = α − lγ + sin pi2n and
f12(Tx) = α− lγ − sin pi2n . If α− lγ ≥ 0 then f11(Tx) ≥ sin pi2n . If α− lγ < 0 then
f12(Tx) < − sin pi2n , i.e., |f12(Tx)| > sin pi2n .
If Tx ∈ G 3n+1
2
then Tx ∈ −Gn+1
2
. Therefore as before | f11(Tx) |≥ sin pi2n and
| f12(Tx) |≥ sin pi2n .
Thus in all cases there exists a supporting functional x∗ at x so that | x∗(Tx) |≥
sin pi2n and so v(T ) ≥ sin pi2n . This completes Step 1.
Step 2. Let us consider a linear operator T : X→ X as
Tv1 = T (1 + l, 0, 1) = (l sin
pi
2n
, cos
pi
2n
, sin
pi
2n
),
T v2 = T (cos
pi
n + l, sin
pi
n , 1) = (− sin
pi
n
cos
pi
2n
+ l sin
pi
2n
, cos
pi
n
cos
pi
2n
, sin
pi
2n
),
T v3 = T (cos
2pi
n + l, sin
2pi
n , 1) = (− sin
2pi
n
cos
pi
2n
+ l sin
pi
2n
, cos
2pi
n
cos
pi
2n
, sin
pi
2n
).
It is easy to check that Tvj = T (cos(j − 1)pin + l, sin(j − 1)pin , 1) = (− sin(j −
1)pin cos
pi
2n +l sin
pi
2n , cos(j−1)pin cos pi2n , sin pi2n ), ∀j = 4, 5, . . . , 2n and Tvj ∈ Gn+2j−12∀j = 1, 2, . . . , 2n, where v2n+k = vk and G2n+k = Gk, for k = 1, 2, . . . , 2n. Then
‖T‖ = 1. It follows from Theorem 2.1 that ext BX∗ = {fjk : 1 ≤ j ≤ 2n and 1 ≤
k ≤ 3} and so v(T ) = max{|fjk(Tvj)| : 1 ≤ j ≤ 2n and 1 ≤ k ≤ 3}. Now
consider the action of fj1 on Tvj . It is easy to check that (cos(j +
n−1
2 )
pi
n +
l, sin(j + n−12 )
pi
n , 1), (− cos(j + n−12 )pin + l,− sin(j + n−12 )pin , 1) ∈ ker fj1. Let (vj =
αj1(cos(j − 1)pin + l, sin(j − 1)pin , 1) + βj1(cos(j + n−12 )pin + l, sin(j + n−12 )pin , 1) +
γj1(− cos(j + n−12 )pin + l,− sin(j + n−12 )pin , 1). Then fj1(Tvj) = αj1 = sin pi2n .
Next we consider the action of fj2 on Tvj . It is easy to check that (cos(j+
n−3
2 )
pi
n +
l, sin(j + n−32 )
pi
n , 1), (− cos(j + n−32 )pin + l,− sin(j + n−32 )pin , 1) ∈ ker fj2. Let Tvj =
αj2(cos(j − 1)pin + l, sin(j − 1)pin , 1) + βj2(cos(j + n−32 )pin + l, sin(j + n−32 )pin , 1) +
γj2(− cos(j + n−32 )pin + l,− sin(j + n−32 )pin , 1). Then fj2(Tvj) = αj2 = − sin pi2n .
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Finally, we consider the action of fj3 on Tvj . It is easy to check that (1, 0, 0),
(cos pin , sin
pi
n , 0) ∈ ker fj3. Let Tvj = αj3(cos(j−1)pin+l, sin(j−1)pin , 1)+βj3(1, 0, 0)+
γj3(cos
pi
n , sin
pi
n , 0). Then fj3(Tvj) = αj3 = sin
pi
2n .
Therefore, v(T ) = max1≤j≤2n{|fj1(Tvj)|, |fj2(Tvj)|, |fj3(Tvj)|} = sin pi2n . This
completes the proof of the theorem. 
The case when n is even can be treated similarly to obtain the following result:
Theorem 2.5. Let X be a 3-dimensional polyhedral Banach space such that BX is
a prism with vertices (cos(j − 1)pin ± l, sin(j − 1)pin ,±1), j ∈ {1, 2, . . . , 2n}, where
l ∈ R and n is even. Then n(X) = tan pi2n .
Remark 2.6. Taking l = 0 in Theorem 2.4 and Theorem 2.5, we obtain the
numerical index of a 3-dimensional polyhedral Banach space whose unit ball is a
right prism with regular 2n-gon as its base. We also observe that Theorem 2.4
and Theorem 2.5 remains unchanged even if the height of the prism is changed. In
particular, taking the height of the prism to be 0, this gives us another method, in
comparison with Theorem 5 of [2], to compute the numerical index of 2-dimensional
polyhedral Banach spaces whose unit balls are regular 2n-gons.
Remark 2.7. We would like to further note that Theorem 2.4 and Theorem 2.5
can also be proved using another approach. In Proposition 1 of [4], Mart´ın and
Mer´ı has proved in particular that if X,Y are two Banach spaces then n(X⊕∞Y) =
min{n(X), n(Y)}. Therefore, combining Theorem 5 of [2] with proposition 1 of
[4], we obtain the numerical index of the 3-dimensional polyhedral Banach spaces
whose unit balls are right prisms with regular polyhedrons as its base. Finally,
we observe that the 3-dimensional polyhedral Banach space whose unit ball is an
oblique prism with regular polyhedron as its base is isometric to the 3-dimensional
polyhedral Banach space whose unit ball is a right prism with regular polyhedron
as its base.
In view of Remark 2.7, we next present the example of a polyhedral Banach space
that can not be written as the infinity sum of a lower dimensional polyhedral Banach
space with a suitably chosen Banach space. Indeed, we compute the numerical
index of such a polyhedral Banach space using the notion of supporting functional
corresponding to a facet of the unit ball of the concerned space. This further
illustrates the applicability of our method towards computing the numerical index
of polyhedral Banach spaces.
Theorem 2.8. Let X be a 3-dimensional polyhedral Banach space such that BX is
a polyhedron obtained by gluing two pyramids at the opposite base faces of a right
prism having square base, with vertices ±(1, 1, 1),±(−1, 1, 1),±(−1,−1, 1),±(1,−1, 1),
±(0, 0, 2). Then n(X) = 12 .
Proof. We complete the proof in two steps. In step 1, we show that if T ∈ SL(X)
then v(T ) ≥ 12 and in step 2, we exhibit an operator T ∈ SL(X) such that v(T ) = 12 .
Step 1. Let the vertices of BX be v±j , j ∈ {1, 2, 3, 4} and w±1 where v±1 =
(1, 1,±1), v±2 = (−1, 1,±1), v±3 = (−1,−1,±1), v±4 = (1,−1,±1) and w±1 =
(0, 0,±2). Let Gj denote the facet of BX containing vj , vj+1, v−j where v5 = v1.
Let F±j denote the facet of BX containing v±j , v±(j+1), w±1 where v±5 = v±1.
Let T ∈ SL(X). We show that there exists x ∈ SX such that |x∗(Tx)| ≥ 12 where
x∗(x) = 1 and x∗ ∈ SX∗ . Clearly T attains norm at some extreme point x of BX.
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Assume that x = v1 or x = w1, the proof for other vertices will follow similarly.
Then Tx ∈ SX and so Tx ∈ Gj or Tx ∈ F±j for some j ∈ {1, 2, 3, 4} . We consider
the following four cases, depending on which part of the unit sphere Tx belongs to.
O X
Z
Y
v1
v2
v3 v4
w1
v
-1
v
-2
v
-3 v
-4
w
-1
Figure 3.
Case 1. x = w1 and Tx ∈ ±Fj for some j ∈ {1, 2, 3, 4}. Let fj be the supporting
functional at w1 such that (w1 + ker fj) ∩ SX = Fj . Then it is easy to observe that
|fj(Tx)| = 1 > 12 .
Case 2. x = w1 and Tx ∈ Gj for some j ∈ {1, 2, 3, 4}. We assume Tx ∈ G1,
the proof for other facets G2, G3, G4 will follow similarly. Let Tx = (α, β, γ) then
β = 1,−1 ≤ α ≤ 1,−1 ≤ γ ≤ 1. Let fj be the supporting functional at w1 such
that (w1 + ker fj) ∩ SX = Fj . Then it is easy to see that f1(Tx) = 12 + γ2 and
f3(Tx) = − 12 + γ2 . If γ ≥ 0 then f1(Tx) ≥ 12 . If γ < 0 then f3(Tx) < − 12 , i.e.,
|f3(Tx)| > 12 .
Case 3. x = v1 and Tx ∈ Gj for some j ∈ {1, 2, 3, 4}. For each j ∈ {1, 4}, let gj be
the supporting functionals at v1 such that (v1 +ker gj)∩SX = Gj . Since G1 = −G3
and G2 = −G4, so it is easy to observe that if Tx ∈ G1 ∪G3 then |g1(Tx)| = 1 > 12
and if Tx ∈ G2 ∪G4 then |g4(Tx)| = 1 > 12 .
Case 4. x = v1 and Tx ∈ ±Fj for some j ∈ {1, 2, 3, 4}. For each j ∈ {1, 4}, let
gj , fj be the supporting functionals at v1 such that (v1 + ker gj) ∩ SX = Gj , (v1 +
ker fj) ∩ SX = Fj .
(i) If Tx ∈ ±F1 then it is easy to observe that |f1(Tx)| = 1 > 12 .
(ii) If Tx ∈ ±F4 then it is easy to observe that |f4(Tx)| = 1 > 12 .
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(iii) If Tx ∈ F2 and Tx = (α, β, γ) then we have, α = −λ−µ, β = λ−µ, γ = 2−λ−µ
where λ ≥ 0, µ ≥ 0, λ + µ ≤ 1. An easy calculation we have f4(Tx) = 1 − λ −
µ, g4(Tx) = −λ−µ. Therefore if λ+µ ≥ 12 then |g4(Tx)| ≥ 12 and if λ+µ < 12 then
f4(Tx) >
1
2 . Therefore if Tx ∈ −F2 then as above |g4(Tx)| ≥ 12 when λ + µ ≥ 12
and |f4(Tx)| > 12 when λ+ µ < 12 .
(iv) If Tx ∈ F3 and Tx = (α, β, γ) then we have, α = −λ + µ, β = −λ − µ, γ =
2 − λ − µ where λ ≥ 0, µ ≥ 0, λ + µ ≤ 1. An easy calculation we have f1(Tx) =
1 − λ − µ, g1(Tx) = −λ − µ. Therefore if λ + µ ≥ 12 then |g1(Tx)| ≥ 12 and if
λ + µ < 12 then f1(Tx) >
1
2 . Therefore if Tx ∈ −F3 then as above |g1(Tx)| ≥ 12
when λ+ µ ≥ 12 and |f1(Tx)| > 12 when λ+ µ < 12 .
Thus there exists a supporting functional x∗ at x so that | x∗(Tx) |≥ 12 . Therefore,
v(T ) ≥ 12 . This completes the proof of step 1.
Step 2. Let us define a linear operator T : X→ X as
T (0, 0, 2) = (1, 0, 0),
T (1, 0, 0) = (0, 0, 0),
T (0, 1, 0) = (0, 0, 0).
It is easy to check that Tvi = (
1
2 , 0, 0) ∈ BX for each i ∈ {1, 2, 3, 4}. Since Tw1 =
(1, 0, 0) ∈ SX, so ‖T‖ = 1. It follows from Theorem 2.1 that ext BX∗ = {gi, f±i :
1 ≤ i ≤ 4}. Therefore, v(T ) = max{|gi(Tvi)|, |gi−1(Tvi)|, |fi(Tvi)|, |fi−1(Tvi)|,
|fj(Tw1)| : 1 ≤ i, j ≤ 4, g0 = g4, f0 = f4}. Now, the four supporting functionals
at vj are gj , gj−1, fj , fj−1 and it is easy to see that for each j ∈ {1, 2, 3, 4},
max{|gj(Tvj)|, |gj−1(Tvj)|, |fj(Tvj)|, |fj−1(Tvj)|} = 1
2
.
Similarly, the four supporting functionals at w1 are fj , j ∈ {1, 2, 3, 4} and it is easy
to see that
max{|fj(Tw1)| : 1 ≤ j ≤ 4} = 1
2
.
Therefore, v(T ) = max{|gi(Tvi)|, |gi−1(Tvi)|, |fi(Tvi)|, |fi−1(Tvi)|, |fj(Tw1)| : 1 ≤
i, j ≤ 4, g0 = g4, f0 = f4} = 12 . This completes the proof of the theorem. 
Using similar arguments, the following result can be proved:
Theorem 2.9. Let X be a 3-dimensional polyhedral Banach space such that BX is a
polyhedron with vertices (cos(j−1)pin , sin(j−1)pin ,±1), (0, 0,±2), j ∈ {1, 2, . . . , 2n}, n ≥
3 . Then n(X) = sin pi2n , when n is odd and n(X) = tan
pi
2n , when n is even.
We would like to end the present article with the observation that when n ≥
3, Theorem 2.9 gives the same result as the corresponding 2-dimensional case in
Theorem 5 of [2]. This is consistent with the fact that non-isometric Banach spaces
may have the same numerical index. However, we have particularly described the
case n = 2 in Theorem 2.8, as the numerical index of the concerned space turns
out to be different from the case n = 2 in Theorem 5 of [2].
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